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REPORT 1319 
INDUCED VELOCITIES NEAR A LIFTING ROTOR 
WITH NONUNIFORM DISK LOADING I 
By HARR Y H . H EY 0 ' and S. KA'1'ZO I"~' 
SU 1lVIARY 
A the01 tical and expetimental investigation oj the induced 
velocitie neal' a liJling TO /aT ha been conductfCl. The Te ult 
aTe pte sen ted in thTee paTt . 
P att I pTe nt a method JOT computing, j7"om arai lable c.alcu-
lations Jor unijo7'1n cUsk loading, the eff ect oj nomlmjorm 
ciTCularly ymmetT·ical di'le loading on th e 1wTmal component 
oj induc d velocity in the vicinity oj a liJting TetcT . ChaTt ~J 
the n07'mal component oj induc d vflocity aTe giren JOT the long'/,-
tudinal p lan oj ymmetTy and jor the major axe oj ,.Ot~T with 
two clUfeTent, nonunijoTm circularly ymmetrical d'/,sle-lo.ad 
distri bution . IL is shown that the n01'mal component oj 111 -
duced velocity must be zeTO at the center oj any practical rotor, 
A compari on oj the re u lt oj this report with those /01' a uni-
jorm di Ie loading hows that nonunijorm di k . loading ha ~ 
powerJul (!feet on the induced velocity di tti b'Ltito11 and tI.at 1t 
mu t be take11 in to aCC01mt in estimati ng the .if ct of the rotor 
on most COml)Onents oj an aircrajt. 
Pari II develops ceTtain ymmetry telations for the induced 
vflocities in the plane oj a uni/01'mly loaded TO tOT ancl also de-
z·elops relation bftween the radial load distTibution oj the rot01' 
and the 1'adial variation oj induced vfloci ties in til wake. 
P art III pr ent the Te u lts oj an inve tigation in the Langley 
Jull- cale tvnnel oj the mclucerl flow near a lijting Total'. Meas-
urements oj stream angle and velocitif wer made in everal 
tran ver e planes along and behind the rotor in four diffetent 
condition representative oj the crui ing and high-speecl rang s 
oj flight. r iMS mea UTemfnts indicate that available, theoTY 
may be u ed to calculate with T a onable acc'}i'racy the '/,ndu,ced 
flo w over the JOTwatd thTee-quaTte1' oj the cl'islc fOT the .e fl '/,ght 
condition pTovided that a 1'ealistic nonuniJorm rotOT d'/,slc-load 
disiTib1liion i a umed. R eaTwaTd of the three-quarteT-
cliameteT point, calculation of the induced relocity aT increas-
ingly inaccurate due to the 1'olling up oj the t1'ai l ing-vorier 
y tem. Parther Teal'ward, w II behind the rotor the flow may 
be repre ented more acC'Ltrately by the flow behind a 1miJormly 
loaded 'wing. 
I TRODUCTION 
A knowlcdge of th e flow induccd b ,\T a lifting rotor is nece -
ary in any detai led tucly of the characteri stic of a heli-
cop ter l' convertipl ane, The incluced fl ow i one of the mos t 
important factor involved in fu selage download 01: in the 
performance and loa ling of the \\'inO's of conv(' ttlplane . 
Laro'e effect on tability may a1 0 be experienced a a rc ult 
of the induced flow acting on the tail urface. The 1'0tOl'-
induced flo\\~ actually involvcs a problcm of un teadyac1'o-
Ch 'namics ho \\'evc1" a knowlede:e of the time-avet"aO'e(i yC-
. , , ...... 
loci ties hould be uffi ci n t for study of the problem men-
tioned. E xpcrimen tal evide nce (ref. 1) ineli cate that the 
t ime-average I inllu cecl velocities may also b ufficien t to 
es timatc the inte rference between the r oto r of multlple-
rotor configurations, However, the diD'crence between the 
timc-averaO'ell and t ile in tantaneou yclocitic (ref . 2) i 
uch that: more rigorou approach i probabl~- required for 
accura te analy ' e (fo[' cxample, blacl' yibl'ation ) of he 
rotor S,Y tern. 
Even the lime-averaged velocitie have provc 1 diffi cult, to 
('ompute but everal implificd anal~' arc availablc (for 
example,' ref . 3 Lo ), The e analy es ar limited by. Lhe 
re tricteel numbcr of 10caLions for which Lll ' calculallOn 
have been made a nd also by the fact thaL Lh 10ad illO' i 
u ually ass umed Lo b e uniform. The mosL complete treat-
ment i that of reference 6, which compute the normal com-
ponent of indu eel velocity along the rolor axe an,cl tlnough-
out the longitudinal plane of symmetry, pIt th a-
ump tion of uniform loading and the.I'e lriclion Lo a ingle 
plan e, i t wa hoped thaL the calculatIOn would prove ael~­
quate to explain th e effect of the rotor on 1I01't- pan taIl 
surface. . ueh , however , i not the ca e, for the 1'e ulls of 
wind- tunnel te t of the pre ent investiO'alio ll indi cate that 
th e induced velocity at typical Lail 10caLion may differ 
from tha t of reference 6 by as much as l }~ limc the m ean 
illelu ed velocity at the rotor. On principal cau e of thi 
d ifference i th~ facL tJ;at the di Ie loading on all a t ual rotor 
i far from uniform a i a sLiIDed in refer ence 6. 
In vie\, of lhe difficulty o[ calculatin O' th induced veloci-
lie , iL would be expected thaL comprehen iYe measUl'ement 
of the e vclocilie would be available. However , th actual 
direct mea urement of thc e velocities in II igh L or in mall 
wind tunnel h as proved Lo be exceedingly difficult. cyeral 
previous invc tiO'atio ns have providcd OLl1? q~talitative in-
formation by the usc of moke, but quantltaLlve mea me-
menl are relatively car e, (A comprehen ive review and 
1 upersedes NACA Technical Note 3690 by Harry H, Heyson and . Kalzo([, 1956, and 3691 by Harry H. Hey on, 1956. 
1 
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bibliograpll.'T 011 induced-Row mea uremcnl i g i\Te n in )'cf. 
7. ) uch measurement a ar e available aTe generall." inade-
quale in cope to provide designer with ufficient experi-
mental information or to defin e the gen eral natme of Lhe flow . 
The prc ent investigation attack lhe problem bolh th e-
oretically and experimenLally . The repor t i divicled into 
lhree part as follows: Part ] u e the r esult of refer ence 6 
to b uild up by superpo ilion the indu ced flow ncar a rolor 
ha\' ing any arb itrary axi ymmell'ic nonuniform el i tribution 
of disk load . For two rotors having differenl r ealistic cli k-
load di lribution , charls of the normal component of indu ced 
velocit), arc gin·n . P arl J 1 contains analytical treatm en t of 
orne intere ting characteri tic of tll e elo \\'nwa h field th aL 
were observed dw-ing the course of the calculat ion for parL 
1. }. [ore sp eci fi cally, Llli part develops certa i n ym mclr.'~ 
r elatio n for the induced velocilies in th plane of Ul e uni-
fonnly loaded rotor a well a relation s between the radial 
load eli tribulion of lhe r otor and th e radial Yarialioll of 
ioduC'ed veloc-itie in the wa ke. Parl LII presen t th e res ults 
of a n experimental inves tigation co ndu cled in th e J..Jangle.'· 
full-. calc tunnel. .' tream-angle and d.'·namic-pres UJ'e meas-
urements were made in eyeral tran yeT e planes near a 
rotor. The imulated Right C'o ndition were cho en 0 a lo 
repr c ent a helicopter in level flight at normal cr uisillg 
pecds. Th e Lip-speed r a tios r a nge belween 0.095 and 0.232 ; 
th e calculated skew angles, b etwee ll 75.0° and 5. 0. E en-
lia ll.'~ all of the basic claLa ar c pre ented i n orckr to provide 
the maximum po ible am ount of experimental informati on 
for desig n pmpo e. At th o e locat ion for whi ch lheoretical 
calculation ar avail able , th data arc compared with th eOl '~~ 
in order to indicate th e exte nl to whi ch th e lheOJ")' i ade-
quate a nd al 0 to detennine the general nature of lhe f10\\· . 
SYMBOLS 
Th e following symbol a rc typ ical of u ual ro tary-willg 
tC'rminoloO".\' and arc u cd th roughout par t I an d III of 
lhi repor t. Th e u ual com pl ex-va riable s.,·mhols a rc u eel 
in par~ II in ce lh e.'· arc more co nven ien t for that a llalY"i . 
The symbols fo r parl II a rC' ddin ed separalel.,~ in t hat portion 
of 11)(' report. 
J 
i 
area 
numher of hlades 
rotor lift coefficiC' nt , V 2L 
-P- 7rRz 
2 
rotor thrust coeffieiC'nt, p (n ~ 27rRZ 
equivalent flal-plate area rep re en t ing para it C' dra g , 
ba cd on unit drag coeffic ient , 
H elicop ter parasi te drag f 
p V2 ) sq t 
2 
complem ent of kew angle (u cd in ref. 5 a a ngle 
of attack of rotor tip-path pln,ne) , deg 
lift , lb 
dynamic p ressure, lb/sq ft 
frC'C' -s tream dyn a mi c pn'ssure , Ib/sq fL 
T 
R 
R , 
s 
T 
v 
Vo 
l ' 
X 
Y 
Z 
'Y 
r 
r ' 
blade-clemen t r adius, ft 
rotor radiu , ft 
radiu of vortex cylinder, ft 
emi pan of wing, ft 
rotor tbru t, lb 
normal ompon ent of induced velocity, po ilive 
downward, ft/sec 
average or momenLum theory value of the normal 
component of induced velocity, posi tivc do\m-
ward, f t /sec 
forward p cd of rotor, ft/ e 
distance parallel to longitudinal rotor lip-path-plane 
axi , m a ured positive rearward from c nt r of 
)'otor, fL (flg. 1) 
eli tance parallel to lateral rotor Lip-path-plane axis, 
mea u red po itive on advancing ide of disk from 
center of rotor, ft (fig. 1) 
clistanc parallel to axi perpendicular to rolor tip-
path plane, m ea ured po iLiv ab y e rotor from 
cellLcr of rotor, ft (fig. 1) 
rotor con trol-axis angle of attack, radian 
vortici t.'" radian /sec 
cir culation, f t2/ ec 
circulation at tip of blade, ft2/ cc 
. fl . V in a-va 
m ow ratlO , nR 
. d' V cos a l1p- p ee rallO, nR 
p mass d ensiLy of air, slugs/cu fL 
x 1'01,01' wake skew angle, an 0"1 beLween Z-axis of 
t ip-path plane and axi of k weel wake, po itive 
rearward from Z-axi , deg (fig. 1) 
n ro tor angular veloci ty, radians/sec 
I'\o te that the el finiLions of X , Y, a nd Z, together with 
the direclion of 1" ta Lion of the rotor in part III of thi 111-
ve tiga t ion , resulL in a left-ha nded axis sysLem . 
z 
v 
// /.< .... ·~ Tlp-path plane 
, 
V 
F IGURE 1.- Coo rdinatc syiitem of ro tor and wake. Arro,,'s denote 
posi t i ,·c dircction. 
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I. DEVELOPMENT OF INDUCED VELOCITY FIELDS BY SUPERPOSITION 
By H a rry H . H eyson 
THEORY 
T H E W AK E CONSID E R ED AS A YSTEM OF OA XI AL VOUTEX CYLI ND E R 
For the presen t implified th eory, the forward peed of 
the rotor is as umed negligible relative to the rota Lional 
speed of the blade , Then, at any radial loca tion, the 
local velo ity of a blade clement i simply nr, 0 that the 
lif t pel' uni radial d i tan ce can be wri tten 
(1) 
wh ere I , in general , i a function of 1' . The local di k 
loading (or annul us loadino-) is 
Local d isk 10adil1 g bprlrr dr bpnr =--27T1' ell' (2) 
I n o-eneral, a illu tra ted by equations (1) and (2) , the 
local di k load irw", varie as ~ t imes the blade 10adil1g. Thus, 
r 
a uniform disk loading impli es a triangular blade loading, 
and a triangular eli k loading impli e a parabolic blade 
loading, 
Eq uation (2) al 0 hows tha t for a uniform disk loading 
the circulation is cons tan t along the blade. For thi ase, 
vor ticity is accordingly hed only at the blade tip , and the 
wake con i t of a ingle vor 'ex cylin der (fig. 2 (a)) . III 
reference 3 and 6, where the li ft ing ro tor i r epre en ted by 
a u niformly loaded eli k , the downwa h field i correspond-
ingly calcula Led as the downwa h field of his ingle vortex 
cyl inder. 
If, however , the di k load ing is not uniform, tbe circula t ioll 
varies along the length of tbe blade and vor ici y must be 
hed all along the blade instead of only a t the tip . on-
equently, a rotor having nonun iform disk loading mu t be 
repre en ted by a clistribu lion of shf' d vor tex cylinder . 
In the present calculation , thE'se cylinder arc all a LUned 
parallel and concentric ( ee fig. 2 (b)) and are inolin d a t a 
kew a no-l defined by the forward velocity of the rotor b 
and the momentum-th eory val ue of the ro tor induced 
yeloeity. uch an a ump tion present obviou incon-
i te ncie , because such an idealized geometry could no t 
be produced or main tained in the nonuniform induced-flow 
field tha t it itself crea te. In pite of ueh incon i tencies, 
however , the arrangement of conc n tric cylinder is probably 
a bet ter basis for computations tha n a ~ ingle vortex cyli nder 
trailino- from the blade t ip . 
It is possible to con ider that the olu t io n of reference 6 
repre enL the flow gC' nerated by any one of these VOl tC'x 
cylinders. The radiu used in that repor t hould now be 
consi lered to be the r adiu R. of the individual vor tex 
cylinder. The contribu tion of an:v ino-Ie vortex cylindC' [ 
. 1fl . (X Y Z) b ] to tJlE' total mducec ow at a pow t H' R' R may c reac 
dire tly from the char ts of reference 6 at the poin t 
[(X/R) (R/R.) , (Y/f! )(R/R.) , (Z/R)(R/R.) ). 
(0 ) 
(b) ..... ..... '-'- ..... 
(a) ' niform load . 
(b) Konun ifo rm axially y mmeiric load . 
F I GUR E 2.-A um ed vortex pa ttern of ro tor wa kr. 
In practice, any arbitrary circularly ymm trical rotor 
disk-load d istribution may be approximated by the sum of 
the load, carried by a fini te l1lunber of superposed con-
centric vor tex cYlincler of sui table trength and dimension . 
T hen the induced vcloci t.v field of the nonun iformly loaded 
ro tor will be th tun of the uperpo ed induced velocity 
fielc1s of the vor tex cylinder compri ing it wake. 
ome difficul ty may be an tieipated becau e of thC' di -
continuitie in the flow at the edges of the vOrtex cylinder . 
In pra tice, howeve r, onl)' a small error occurs if a ufficien t. 
number of vor tex cylin der are used, and the point of d is-
continuity themselve are avoided . 
S AMPL E CALC ULA T IO 
I n order to demon tra te til m ethod of uperpo ition, the 
inel lIced veloci ty at th e point (~ = 0.2, ~=o , i = 0.1 ) will be 
calcula ted for a ro tor ,,"ith a triangular di k loading and 
operating a t a leew angle of 90° . 
A ho \\~ prE' viou l~', the local di k loading i propor tional 
to r ; therefore, fo r uniform eli k loading the circulation i 
constan t along the blade. If the eli k loading i t riangular , 
r 
r = r 'R 
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a that the local di k loading i 
Local di k load ing= b;;Q r' ~ 
and t he average di. k load ing for the entire rotor i 
1 J.n bprt /' 
Average disk loading= 7rW 0 2; r' R 27rrdJ' 
bprtr' 
37r 
Thus, fol' this Cel e of the t riangular disk loading, 
Local disk lo acl in o-=~ ;~ X (Avcrage di k loading) 
Tim , thc vortcx fiel d of a rotor \I'ith a triangular 10fLding 
ma~' be reprcscnt d b~' one positive vortcx c~'linclCl' with thr 
ame mdiu as the blade tips fLncl a t l'ength 1.5 timc a 
g l'eat a. fL uniforml.,' loaded rotor, plus ten equal neo-ativ(' 
vortex cylinders of smaller radii and fL stre ngth 0.15 timc~ a 
g rcat a a uniforml~' loaded rotor. The sum of thc ]'c ulting 
disk I ads i hO\l'n in ketch 1 and adef]uatel~' ]'cprcscnt a 
t['iano-ularl~' loadcd rotor: 
Sk('(,ch 1. 
The contributi on of pach York" e)'lindcr may be found 
from figure 4 (g) of I' fercnce 6. 
The computation mfL~' bc ral'rird out in tabular fO]'111 a 
follow : 
(';/) (~)(~rJ Gi)(~?J (j)(:J 
I. 00 O. :200 
.95 . :2 l t 
· 85 . :2:36 
.75 . :267 
. 65 . :30 
· 55 . :36..J. 
· ..J.5 . ..J...J.5 
· :35 . 571 
. 25 . 00 
· 15 1. :330 
.05 ,I. 000 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
a 
O. 100 
· J06 
.11 
· 1:3..J. 
· 154 
· I 2 
· 22:3 
· :2 6 
. 400 
.667 
2. 000 
1. ] 5 ( 1. 50) = 1. 725 
1. 15 ( - .15) =- .17:3 
1. 17 ( - . 15) =- . J7 6 
L 19 ( - .15) =- . 179 
1. 20 ( - . J5) =- . I 0 
1. 2 1 ( - . 15)=- . J 2 
1. 23 ( - . 15)=- . 185 
1. 24 ( - . 15) =- . I 6 
1. 25 ( - .15) =- . I 
.95 ( - . 15) =- . J,1:3 
.26 (- .1 5) =- .0:39 
u/uo= 'i:, (v/uo) ,= O. 09..J. 
it will be notcd , in general, that the chart of reference 6 
must be extrapolated to obtain the contribution of ome of 
the malleI' cylind ers. Also , if the maximum load ing doc 
not occur at the tip , more than one po itive vo rtex cylinder 
will bc required to adequately repre eot the f1 0\\', 
I 
I 
I 
I 
I 
Sketch 2. 
I N DU ED VELOCIT Y AT CENTE R OF ROTO R 
Consider a rotor with a eli k loading that uniform 
every-where xcept in a ce ntral " cut-out" portion \\' he]'e it 
carries no load , ( ee sketch 2. ) The vortex field of thi rotor 
may be represented by ju t two vortex cylinder of equal , 
but opposite, vorticity. ince the maIler c~'linder ha the 
same downwa It field as the larger cylinder (exccpt for 
dimen ion ), it follow that the induced velocit)-, i zero at 
tlte center of the rotor di J;:. The ame I'e ult, of course , 
will follow whenever any rotor ha zcro eli k loael at i t 
center. in cc all practical rotor have some cut-out nc 2. J' 
their center (due to hub, etc. ), they all mu t haY(' zero 
induced vcloci ty at th ir cen tel' . 
This 1'C ult i a spccial ca e of a marc o-cneral the r m 
which is occa iona.lly u cful in comparing the result of 
theoretical calculation made fa I' several different load 
distribution. Consider a rotor with a tep loading com-
posed of a number of uniform load of difreren t rael ii such 
as in sketch 3. The vortex field of this rotor may b repre-
sented by sevcral vortex cylindcrs of difYcren t trcngth. 
A uniformly loae/ cd rotor produce an induced velocity 
of Vo at it ce nter. Thcrefore, the indu ced velocit), at the 
center of the tep-Ioaclecl rotor will be t 'Ol (due to uniform 
load 1) plus v02 (clue to uniform loacl 2) and 0 on. The 
final result i that the induced velocity at the center of the 
tep-loaded rotor will then be the ame a if the local load 
at the center exi tcd ovcr the entire di k rather than just 
at the ccnter. 
I I 
I I 
I 1 
I 
I 
I . I 
Sketch a. 
I KD ED YEL ITIES NEAR A LIF'l'.iNG ROTOR WITH NO T NIFORM DI K LOADIN G 5 
A LIMITAT ION 0 TH E ANALY r 
It is important to note that t he [oreg ing a naly i i 
predicated upon a wake CO il i t in o' of traig h t ellip tic cylin -
der in which all of the ,-or tici tyi canieci clowl1wl1rd at orne 
uniform velocity rath l' t han t he local velocitie. Th e 
efi'cc t of thi a sump tio n i g reatest in hovering for here 
the in lu ced veloci tic are the ~ole velocities present. "i nce 
in t hi ca e th e £10 \\- neal' the rotor cen ter i carried a way 
from the rotor at a much lo\\'c r rate t han the flow Ilcal' th e 
edge of the disk, the Yo rticit.'- along the \\-ake cylin d('l's 
nea l' the center mu t bc cO l'l'e ponclingly greater. 1n tlli 
cxt reme ca e, an appreciable errol' \I' ill be incLlrred in th e 
computed induced velocities. H o wever , when a n a pprecia-
ble fli g h t vclocity is imp a ed on th rotor, as in rap i 1 vertical 
climb or in forward flight, th vortices will be canicd down-
trcam at a more uniform rate and t he crrol' will b e mall. 
ince Lhe a umptions of Lh present analy i arc gro 1y 
vtolaLed in tatie thl'u t , lhi case may b e u ed to g ive an 
ind ication of the maximum po ib1e error. From momen-
Lum theory , for any annulu 
w hi h how that in static th l'u l , Lhe local induceel velo 'ity 
hould b e proportional to lhe quare root of the local eli k 
10adi llO'. ] n co ntrast , under lhe a umpLioo of the pre ent 
rep I'L, lhe induced velocily ha 1 cell hown to b e d irecLly 
prop rlional to Lhe eli k loading. The dIe t of tb i d iffer-
en ce on th e indu ced velocities in lh e plane of a hovering 
lriangularly loaded rotor i ho\\'n in figure 3 . T he m omc n-
I . v 3 I' I I Lum L leory g lves ~= "2 R \\. lerea L 1e pre ent vor L x 
v 3 l' Lh eory give -=- - . Th e maximum di£1'er ence in induc d 
Vo 2 R 
velocity occurs at the tip of the rolor a n 1 is 0.275vo . Thu 
the result of the present vortex lheory may be adequate 
to explain quali tativ ely certain lr ends even in hoyering. 
For xample, r ecent unpubli he I result from flow urvey 
below a hovering rotor indicate a reo-ion of up wash below 
th e 1'0 lor enter. alculaLed re ult from the pI' nt 
Lhcory for a tr ia ngularly load cd rotor also ineli ate th 
pre ence of an upwa h in Lili r egion. 
J n forward flig h t the a ump Lion of this r epor t ar e mu ch 
lc sever e. For example, rcfercnc 6 gives the mean in-
duced veloc ity at t he ro tor as 
~ nRrr 
Vo"'" (l-~ Jl2) ,V+Jl2 
For Lip-speed ratio gr eate r th an 0.10, X i mall compared 
with Jl so that the indu ced velocity will b e proportion al lo 
t he loading a herein assumed. Thus Lhe cbar t which will 
be pre entecl in th e following ect ion hould b e uffi c ien tly 
aCCLIraLe for t he ro to r in £o1'\\-a l'd flight . 
~ :{O~ 2] - 5 - 2 
1.6 
14 - bL 
/ 
! I kI L 
I I /' V J 
1.2 
) V 
/ t1 1.0 
L Vi 
Momentum theory---_. / V 
/ 
.8 
/ II 
V L -- This analYSIS i 
.6 
I V / 
/ lL 4 
/ / 
II / / .2 
V 
o .2 4 .6 .8 1.0 
rlR 
FW URE 3.- Compariso ll of th l' result of momentum t heory and present 
analysis for t he induced vC' loci t ie in the pl ane> of a hoverin g, t ri-
angularly loaded rotor. 
CALCULATED RESULTS 
LON GITUOI AL PLANE OF SYMMETRY 
number of nondimen ional chart of lh in luccd velocit:v 
ha\7c be n computed. Til e chart not only illu LraLe Lh 
effec t of a nonuniform disk loading, bul lhey may al 0 be 
us d a working charts for Lhe determinalion o f Lhe ind uced 
velocity at points in lh field of practical roLor. Th e cal-
c ulations were made fo r rotors having two different, circu-
la rly symmetrical , nonuniform elisk loading. Th ese a,s-
ume I di k loaclin o- are hown in figure 4. Th Lriang ular 
loading was chosen sinc it i the simple t approximalion to 
t he actual ro tor dik load ing in all flight cond itio ns. The 
variation of d i k load labeled "typical load" wa mea ured 
at a typical cru i ing condition during te l in th e Langley 
full-scale tunnel of a roLor equipped to mea ure Lh rotor-
blade pre m e di Lribulion. 
Figure 5 presenL co n to Ul' charts of th e normal compo nent 
of induced velocity in the longitudinal plane of ymmetry 
for Lhe rotor with a tria ngular di k loading for s ix different 
kew angle in t he range from 0° to 90°. Figurc 6 pre cnt 
imilar charts for a ro tor having the typical mea ured eli k-
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load distribution for th ree different kew angles between 
63.43 ° an d 90°, which bracket the k e"- angle at wbich thi 
load dislribution wa measured . Figures 5 a nd 6 may al 0 
be 1I eel lo find the induced velocity distribulion for ke \\' 
angle bet\\'een 90° and ] 0° (th e autorotation range) if 
the Z/ R cale is mul tiplied by - 1 a ncl the charl for the up-
p lel11ent or the desired skew angle is read. 
LO GIT OI NAL A IS 
Figure 7 and pre enl lhe induce 1 velocity distrib ulion 
along lhe X-axis (or longitudinal axis) of the rotor wi th th e 
triangular a nd typi al measured load di triblltion , re pec-
tively. 
LATE R AL AX I 
Figures 9 a nd 10 p rese nl lh e indu ced velocity distribut ion 
along the Y-axis (or lalNal axi ) of the ame two rotor . 
Figures 7 to 10 may be 1I ed for k ew angles from 90° 
to 1 0° merely by r cading lhe curve for the upplement of 
the desi red angle. 
Figure 9 indicate the order of accuracy of the calc ulation. 
Part II of l his repor t will sho\\' lhat th e variation of induced 
velocily on the lateral axi mu t be triangular if the di k 
loading is lriangular. clually , figure 9 indicale a sligh t 
upward urva ture. The difference between these curv ancl 
t raigh t line is , howev er, small and could probably have 
been avoided by using a omewhat larger number of cylinder 
to repre ent the wake. 
O TH E R R EGI ONS 
] L would be intere lin o- lo carry out the e calc ulation 
over l he lateral plane wh ere auxiliary device suh a wings, 
tail urfaces, orpropeller woulcl be located on fligh t machine . 
However, uch calculat ion " 'ould be dependenl upon a 
knowledge of the flow field of the un iformly loaded rotor and 
thi fl o,,' field has not yeL been computed. The flow in 
the e region can b calculated , if r equired , from con idel'a-
t ion in refer ence 6 and the pre ent report. 
DISCUSSIO N OF AL CU LATED RESULTS 
LO GI TUD I ' AL P LANE OF S YMM ETRY 
Figure 11 pre ent a char t of the indu ced velocity in the 
longit udinal plane of symmetry of a uniformly loaded rotor 
at a ske,,' angle of 6~.43° (reprodu ced from ref. 6). 
The eff ect of nonuniform axisymmetric loading may be 
seen by com paring figure 11 wi tIL figure 5 (d) and 6 (a) . 
Since both of Lhc assumed nonuniform loads are zero at the 
cenler of the roLor , Lhe indu ced velocity at the ce nter is zero 
in both cases, as oppo ed lo a val ue of v/vo= 1.0 at the ce ll tel' 
of th e uniformly load ed ro tor. Both of the nonuniformly 
louled rolor ho\\' an appreciable area of upwa h ju t below 
alld behind lhe center of rotation. They al 0 show zero 
induced velocity furtilcr rearward on the ce nter line of the 
wake. In lhi plan e, lh e chart for lh e lri a ngular load di tri-
bution bow a roughly triano-ular indu ced-velocity profil e 
acros the wake, and the chart for the typical measured load 
distribution how a more rounded profile a·cro s the wake 
with a larger area of zero induced velocity reflecting the 
effect of Lb e cut-ont region in the vicinity of Lhe hub . In 
contra t , lhe re ults for the un iformly loaded rotor case 
show the indu ced velocity building up continuously a the 
flow pa ses th rouo-h the rolor and rearward in the wake u ntil 
it r eaches a uniform value of ~'/vo= 2.0 ncar the trailing edge 
of the rotor. 
LO GITU OI AL AXIS 
Figure 12 (obtained from figs. 7 and and ref . 6) how th e 
calculated effect of rotor di Ie-load distribution on the 
induced-vdocity eli tribulion along the X-axi (lon o-itudinal 
axi ) of the rolor. 1'his figure clearly how the large effect 
cau ed by the r equirement that the induced velocit be zero 
at the center of the rotor for each of the nonuniformly 
loaded case. Each of lhe nonuniformly loaded rotor b a 
an upwa h ju l behind it ccnter, ",herea the uniformly 
loaded rotor ha downwa h value of v/ro> 1 in thi region . 
Th e differences in indu ced velocity between the nonuniformly 
loaded ro tor are mall along thi axi, however, Lhe ro tor 
with th e typi cal measured load distribution doe have a 
omewhat greater upwash behind the center a a r esult of 
the larger Cli t-out r eo-ion. 
LA T E R AL AX IS 
Figure 13 pre ents a imilar comparison along the Y-axi 
(lateral axis) of the ro tors at a k ew angle of 900 , This 
figure how that the lateral center-line di tribution is 
010 ely imilar in hape to the distribution of load on th 
disk. This similarity is di cus eel furth er in part II. 
lt should be noted that the dist,ribuLion given for the 
unifo rmly loaded rotor is not the ame a thaL given in 
refer E' nce 6, ince in lh e present report the induce 1 velo ity 
i sho\\-n as being un iform across lh e latera l axis. A proof 
that the induced-v elocity di tribution musl be uniform at thi 
location i given in par l II. In discu ions betweE'11 th e 
en ior a uthor of reference 6 and the aUlho r of the pre ent 
r eport , it wa sugge led that the inacc uracy in the plan e 
of th e eli k resulted [rom a ba ic difficulty in the computa-
tional procedure in the loca tion near th e edge o[ the eli k. 
It i a sumedlhat th e values given in reference 6 a re correct 
for location out ide the rotor tips. The calculations made 
for the present r eport were based on compo itc curve imil ar 
to th e on e h') wll in fig;Jre 13. 
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induced velocity a long X-axis. x = 63.43°= tan- ' 2. 
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FI(:l'lU; 1:3. Errett of di~k load di~tribtll i O Il on til(' di~trilJtltioll of 
ill<illcpd \'(·Ioc i t.,· along til(' } ·- '1.xi~. x = HOo= tall J CD . 
, \ n in te rcsting obsl' rn.tion C,1I1 bc m ad c 1'1'0'11 fi g url' 13. 
R dl'J'(' ll cl' I has hOIl-n t ha t lh l' uni fo r mly loaded roto r " alu l's 
of in duccd ,·elocit.,· in t he p la ne o r s.n11met ry (rd. 6) Ccl n 1)(' 
usl'd a a g uide to (' t imak t hl' average induced ,'('loc ity 
a" rOss a s pa n of the o rd er of t he roto r d iamrtrr at a ny IOCll-
t ion. Th e dOlVll lI' ash values for t he htte ral a xi justify thi s 
rcs ul t to t he sam e orcl ('r o f accurac~' a the m ea urem ent o f 
reference 1, s in ce th e [LYC' rage induced l'L'loc ity ac ross th e 
span fo r hoth nonuniform di k loadings i ap p rox imatl'l,\" t he 
ame as t hat fo r th e un ifo rm ly load ed roto r . (That i , th e 
Ave rage ,' alu e of 1'/ 1'0 is ab o ut 1.0 in a ll t h ree cases .) 
H o liTe \-cr , the dirrerC' ll ces betwe('n th e r('s u lts o f rdC' r('n ce 6 
a nd thi s repo rt in t he longitud in al pl a ne of ym m C'tr)' ind i-
cate the po ibili ty of l arge erro rs if t he uni for 1nl.,' loaded 
roto r f1 01l" fi eld is u cd to e timate t he (' f1'C'ct o f t he roto r on 
itprns of ap precia bly d iA'eren t sp an t han t he roto r . 
CO CLU DING REMARK S FO R P ART I 
., \ mr t hod o f calculati ng t hc eft'cc t of nonunifo r m circ u-
la rly s."mmetri cc,l d is k-load Cl i tribu t ions on t h (, normal 
componen t o f t he induced vclo c i t~T of a liftin g ro to r has been 
presen ted in p a 1'1 1. 
Thc indu ced veloc ity n,t t he cen tC'l' o f a ny roto r lI' hi ch lias 
ze rO load at its cen te \' (including all prac t ical ro to r ) m u-t 
\) c ze ro. 
('ha rts have lH'el1 pre C' n ted fo r the n orm al com pon C' n t o f 
indu ced \'Cloc ity along t ile m a jor axes and fo r t hr longi -
t udin a l plan e of sy mm etry 0\'C!' a wi ele range o r skew a ngle 
for rotors lI' it h t wo difrC'l'c nt , n onuniform axi ,nllmet ri c el i k 
loadings t hat a rc rep rese n ta t ive of t he actual loading on t he 
roto r dis k. 
R oto r di sk-loa d d istri bution h as a la rge efl\'cL on th e 
inclu ced-, -cloc ity distribu t ion ancl mu;' t be ta ken in to acco lln t 
in e timatin g t he r fl' C'ct o f th e rotor on mo t comp onents o f 
a n a ircraft . 
II . SYMMETRY RELATIONS AND THE RELATION BETWEEN RADIAL LOAD DISTRIB TIO N 
AND THE RADIAL DOWNW ASH DISTRIBUTION I N THE WAKE 
SYM I ET RY RELATIO S CONCER LNG THE INDUCED 
VELOCITIES I T H E P LANE OF TH E ROTO R 
TI l(' firs t section of p a rt ]I is co nce t'l1 r ci II-ith t il(' ind uced 
fipld 0 [' the s kell-ccl-ey lincl cr ,'o r tex that is ass umed in 1'('/'('1'-
(' nccs :1 nnd 6 to rep re en t th e lI"a ke of a uniformly loaded 
di sk. It II-ill be h own , lI"it llOu t referr nce to t he d C'tailed 
cquati ons of the f1 0Il' , t hat t hc indu ced-veloc ity fiel d pro-
du ced in t he pla n e of the el isk by t his id eal ized wak e po, sessl'S 
ce r tain symmetri es . By p rovid ing rela tions between th e 
inelu cl' el vl' loc it ie a t pai rs o f ymm l' tri call~ ' lorated point , 
uc h .nn m etri es a rc us('/'ul [0 1' check ing t he acc ura cy of 
c,llcul at,cd yalu cs s uch as those of reference 6 . The~ ' also 
pro ,·id e d irectl.Y t he va l uc' o f i nd uceel ycloci t ics along t he 
lnl cral ll xi, o f t he di sk . 
.\ s prl' l"iou 1.'" m en t ion C' d , the symbol no tation followed in 
(his pa r t o f t he r epor t difl'e r from t ha t usuall ."l1 eel in rotHr~-­
lI' ing " ·o rk. The pre en t notation lI'as u sed in o rde r to 
relain t he usu al complex-v ari a ble symbols in two-dim C'ns ional 
f1 oll' an alyse [mel also to a\"o id a confu ing mult ip li city of 
ubscripts . T h e read er s hould n o te in p a r t icula r t hat t he 
normal componen t o f inciuc C' d velocity W is p o, it in upward 
in th e following mat eriHl. 
POI NTS 0 ' T H E R OTO R DIS K 
In fi g ur C' 14 (a) co n iel er a p a il' o f po inl on th C' ro to r di k , 
' uch a P a nd Q, th a t have the sam C' la teral locat ion an d ar C' 
.,' mmetri cally locat ed wi th rcspect Lo th e lateral axi . That 
i , if P i at poi nt (.1", y, 0), then Q is a t point (-I, 1/, 0) . 
Let th e three componen ts of th e indu ced veloc i t ~- at P be 
(UI' 1'1, WI ) a nd a t Q be (U2' V2, W2), wherC' th e third componen t 
is generally th C' onl,'" comp on ent of in Lel' e l. 
Xow eon ider the entire diagram rot a led 1 0° about t he 
Y-axis so th a L it appears a infiguJ'c 14 (b ) . Points P a nd 
Q ther eby m ove to poin t p I and Q' , wh cre th e indu cC' d 
\" elociti es are, l'e peetivcl ~' , ( -'11], I' ], -WI) an d (-'112, V2, 
-W2)' 
If fi gure 14 (h) , with th e vorticity reve l' ed , i fitt ecl lo 
fi g lll'c 14 (a) , 0 tha L p I falls on Q a nd Q' falls on P , th e two 
emi-infin iLe Yod C'x cylind er form a single continu ou 
infinit e vort ex c:d incl C' r (fig. 14 (c». Th e inducC' I w locity 
a t the left-h a nd poin t (PI a nd Q) is (U] + U2, 1'2-1'" WI +W~), 
a nd a t th e rig ht-hand po int, (Q' and P ) iL i (U I + U2, V]-V2 , 
VJ I+ W2) . T h e Lwo vC'loci ties arc t,hus equ al excepl for t he 
lateral compon nt , which a r equ al and opposi t C' . 
In a ppcnd ix A of r eferen ce 3, however, it wa hown th at 
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z 
y 
(a) ROLor and wake. 
(c) Vortex cy linder 
x 
(b) Wake rotated 1 0° abouL Y-axi . 
hown in fi gures 14 (a) and (b) fitt d together to 
form an infin it e cy linder. 
F, . URE l ".- Symmetri call y loca ted point in the rOLor disk . 
tbr induced velocity within th is infinit e skewed helix i 
uniform and has no lateral componen . The fir t 1'e ul of 
Lhe pre ent discussion , then, is that V2 -Vt = V,- V2= O or 
V, =V2' 
The second re ult i that the um u, + U 2 and W, + W2 arc 
uniform. That i , the sum of the two longitudinal com-
ponents and of the two vertical components are the ame 
for all pairs of symm etrically located poin t on the li Ie (a 
P and Q), and are equ al Lo the longitudinal and ver t ical 
components of the induced velocity within the infinitely 
long helix. In the nomenclaLure of reference 3, 
FUt'Lhermore, if poin ts P and Q are on the lateral (Y) axi , 
o Lhat they coincide (Ul=~ and W, = W 2) , 
That j , the longitudin al and verti cal compon ent of the 
induced velocity are con tant all along Lhe lateral diameter 
of th e elisk and are equal to the valuc at the center of the 
disk. 
POI TS 0 TSIDE T '-IE ROTOR 01 K 
If poin t P and Q are beyon 1 th edge of the rotor el i k 
(fig. 15) , the discu sion proceed as before except that it no 
longer follows that UI +~ and w, +w~ arc consLant or that 
Vl- Vz is zero. The reason, of co ur e, i that afLer UPCl'-
po it ion of the two eIni-infinite skewed vortex cylinders 
HO+:'1 - 5 
z 
I , 
y 
-0 
FIG RE 15.- Symmet ri ca ll y located point in Lho plane of, bUL outside, 
Lhe rotor disk. 
the points li e outside the infinite ellip tic cylindcr instead of 
in ide of it. The combined fl ow field out ide the cylinder 
is not uniform bu t is the ame as if the c~7linder had a olicl 
boundary. TbaL i, the combined induced flow i two-
dimen ional in plane normal to the cylinder axis and can 
be compu ted a that indu ced by an ellip tic cylinder in a 
steady flow of velocity r cos x normal to its axi. The 
streamlines of Lhe induced flow in the normal plane are 
sketched in fio-ure 16. The components u' an 1 'Il ' of the 
induced flow in thi plane are related to UI +~, VI~ V2, and 
WI +wz as follows: 
VI-V2= U ' at the right-hand point (P and Q' ) 
For points alono- the lateral axis, 
Thus, for point along the lateral axi , UI and WI can be 
determined directly from Lhe known two-dim en ional flow 
abou t the ellipse. 
Fw uRE I6.- Two-ciimensiona l cross now around an cllips . 
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In order to facilitate application of these results, a few 
remarks concerning the calculation of v' are con tained in the 
next section. 
FLOW ABO T A ELLIPTIC CYLINDER 
Consider (fig. 16) the flow induced by an elliptic cylinder 
of semimajor axis a and semiminor axis b in a cro s flow of 
velocity I ' cos x. Let the plane of the figure be the z' plane, 
where z' = x' +iy' (the x' axi is parallel to t,he y-axi. , or the 
lateral axis of the disk) . 
The flow is probably best treated in ellip tic coordinat es, 
rel ated to the rectangular coordinat.es by 
z' =c co h ~ 
whel'e 
c= .JaZ- b2 
The complex flow fun ction w for the field induced by the 
ellip e in the steady cro s flow of velocity V co X 1 
w=(V co X)ia~:~ ~ e- t 
(The equation may be obtained, for example, from the 
equation on page 256 in ref. 8 by setting U equal to zero, 
replacing 17 by V cos x, and omitting the free-stream flow 
[unction .) Then the complex velocity is 
dw dw/d~ . / a+ b e- t dz'=dz'/d~=-( V('o X) ~a' a-bcsinh ~ 
ia~a+b 2 
= -(17 co x) - ----
c a- b e2t - 1 
etting .\= ~+i7) and multiplying numerator and denominator 
by the conjugate of the denominator (e Z(E- l" l - 1) leads to 
the following expression for v' , the negative of the imaginary 
dw 
par t of dz': 
v' = 2(V co 
or 
a+ b eZE cos 27) - 1 
a-be4E -2eZE co 27) + 1 
Since x' + iy' =c co h (~ +i7)), the values of ~ and 7) correspond-
ing to any point (x ' , y' ) in the fi eld of the ellipse are obtain-
able directly from tables of complex hyperbolic functions 
(ref. 9) . (In using these tables, note that 7) is given in units 
of 7r/2. It will be observed that cos x=~ and in x=~. ) 
a a 
The points P , P' , Q, and Q' will be noted to li e in a plane 
which intersects the plane of the ellipse at the angle x. 
However , becau e of th e two-dimensional character of the 
flow, the de ired value of the induced velociti es at a point 
(x, y) in the plane of the rotor may be found at the point 
(x' = y , y' =.1: cos x) in the plane of the ellipse. 
RELATIONS BETWEEN THE RADIAL VARIATION OF DISK 
LOADING AND THE RADIAL VARIATION OF DOWNWASH 
VELOCITY WITHIN THE DOWNSTREAM WAKE 
In figure 13 the computed lateral variation of the down-
wa h angle acros the lateral a;..'is wa hown to re emble 
the assumed radial di tribution of disk loading. An effort 
was therefore made to determin e whether the resemblance 
wa mainly fortuitous or whether a general theoretical ba i 
existed for it . 
I t was found possible to show that, for the far wake, thf' 
downwa h velocity along any radius is proportional to rn if 
the disk loading is al 0 proportional to rn . The propor-
tionality factor, however, depends on n (in addition to the 
azimuth). Accordingly, if the radial disk loading is repre-
en ted by a power eries, the downwash velocity along any 
radius is also represented by a power erie where, howe er, 
the respective coefficients of the two eri es are no t propor-
tional. Thus the radial loading i not, in general, exactly 
proportional to the radial downwa h-velocity distribution , 
although the two may be nearly proportional if the radial 
loading is approximately proportional to, ay, r or r2. 
In the following development the simples t case, x= O, 
will be discussed first . The general ca e, 0°< x< 90°, will 
then be discus ed. Finally, the particular ca e x = 90°, 
which is related to linearized lifting-surface theory, will be 
discu eel. 
THE CASE x=oo 
The problem i imple for th e circular wake x= Oo. 
Consider first th e uniformly loaded di k , whi ch produce a 
single helical vortex lying along a circular cylinder . In the 
far wake th e downwash \vjthin the cylinder i uniform, and 
there is no downwash at all outside th e cylinder. For an 
infini tesimal ann ulus (dr) of disk loading, the wake is then 
two concen tric circula.r cylinder havinO' equal and oppo ite 
vorticity and eparated by dr. The downwa. h between the 
two cylinders is uniform and proportional to the annulus 
loading. Tbe down wash everywh ere el e i zerO. If the 
disk loading is made up of a continuou di tribution of ucb 
annuli , the downwa h directly down tl'eam of each annulu i 
thus determin ed only by that annulus loading and is not 
afl' ected by the loading of any oth er annulus. For this case, 
then, th e radial variat ion of down wash velocity is propor-
tional to the radial variation of disk loading. R estri cting 
th e theorem to loading!: that are proportional to rn i unneces-
sary for this case, which will be recognized a merely the well-
known propell er blade-clement theory applied to the far 
wake instead of to the disk itself wh ere the induced velocitie 
are only half a much. 
THE CASE OO< x< 90° 
A previously mention ed, the uniformly loaded di k pro-
duces an ul tima te wake in the form of an inclined ellip tic 
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cyli ndcr , within which the in luced flow i ~ uniform and Oll tside 
of wh ich the indu ced fiow i thaL due to an elliptic cylinder in 
the 1'0 -A ow component of the free- tream flow. If the 
loading i circularly symmetrical but not uniform, Lbe wake 
con isLs of a corresponding distribution of concen tric imilar 
cllipLic cylinders, and the pre en t problem is co ncerned with 
Lhe supcrposition of their induccd flow fi eld . 
If each cylind er indu ced only the uniform in ternal veloci ty 
field and induced no external field, the argumen t would 
proceed just as for the ca e x= Oo, and it would follow im-
mediately tha t the radial di tribu t ion of induced velocity i 
proportional to th e radial loading di l:' tribu tion. In ordel' Lo 
prove the th eor em, then, it i only necessnry to show that the 
total of the external field of tbe di tl'ibution of cylinder will, 
along any radius, also have velocities proportional to Tn, if 
Lbe loading is proportional to Tn . 
Consider the flow indu ced by an ellipse of given shape and 
u ni t si ze ( ay uni t semimaj or ax-i ) movi ng 9 t veloel ty VOX. 
A previously indicated, the induced velocity componen t 
parallel to the minor axis (pa.rallel to the direction of motion 
of the ell ip e) is the component of interest. Along any di-
rect,ion 8 from the origin, thi s induced Yl:'locity is a function 
of the rad ial distance p . 
If, while th e shape r emain co n LanL, the li near dimensions 
of the ellipse are changed by the factor Ie , th e velocity 
originally existing at radial d istance p will be found at 
radial distance kp along th e given direction 8. For the 
general ellip e of ize k, then, the velocity compon en t v' can 
be expre sed a 
v' = j (8,k/p) 
The velocity induced by an incremen t in size, OJ ' annu1u , 
orre ponding to dk is 
~% dk j' (8,k/p ):k 
wbere l' denotes the derivative with respect to ki p. If each 
incremen tal velocity is weigbtd by the factor kn, the total 
veloeiLy i 
wh ere the upper limit K is that value of k for whi ch the ellipse 
j llst touches th e specified poin t (p,8). (A previously noted , 
the presen t discussion concerns only the contributions of 
those ann uli for which the poi n t i loca ted externally.) 
Changing the variable of in tegration from k to kip change 
the form of th e preceding exprcs ion to 
( KIp 
p n J k/p=o(k/p )nj' (8,k/ p )d(k/ p) = p n F(8 ,n ) 
ince the upper limit K i p is now a func tion only of 8. Thu , 
the induced velocity along any r~,djal line is proportional 
to p", which was to be proved . Th e proportiona1it)' factor 
i a fun ction of both 8 and 71. It will be observed that this 
par t of the proof can apply to any shape, sin c the fact that 
the wake is ellip tical was not required or u ed in the proof. 
P erforming the indicated in tegration in order to get the 
proportionality fa ctor F (8,n) is obviously a omewhat 
awkward ta k. Po sib1y the most conven ient method i 
first to integrate by parts in order to return l' to f (tha t is, 
VI , for which an expres ion wa previously pre en ted) , and 
then determin e tbe re ultipg integral numerically. For 
either the latera l or longitudillal axis, however, Lhe calcula-
tion ma y be performed without exee sive difficult),. The 
method will be here indicated. 
For the lateral axi (11 = 0), the previously derived expres-
sion for v' red LI ce to 
o tha t the problem is reduced to evaluat ing 
i~x' 0 (XI--vXI2-e2) e"- de c=o DC , 'X'2_ e2 
SubsLituting e= .r' 111 a changes the in tegral to a form that 
can be integra ted by application of items 274 and 263 of 
reference 10. 
7r For the longi udinal axi 11 = 2" the expre ion for v' reduce 
to 
so that the problem j redu ced to evaluating 
, ubstituting e= y' tan a change the integral to a form that 
can be evaluated by application of item 274 of reference 10. 
T H E CASE x = 90° 
The limiting case of the flat wake is frequently assumed 
for convenience in analyse pertaining to high-speed forward 
flight . ince the rotor and the wake are in the same plan e 
the case is analogou to that of classical linearized wing 
theory, with the wing in this instance having a circular plan 
form and a circularly symmetrical loading. 
Consider fir t a uniformly load ed rotor. The" pan load" 
di tribution of the disk, considered as a wing, is then ellip-
tical, ince it is mer ely proportional, at each spanwi e tation , 
to the "chord ." As is well known, the dO\VDwash in the 
far wake behind an elliptically loaded wing is uniform . That 
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is, di regarding the rolling-up ph el'oJ11enon , the flo\\' in th e 
ve]"ti cal plan(' norma) to th c fa r wake is the two-clim en ional 
fl ow abo ut a horizontal straight line of pan equal to th e 
rotor diamcLer , moving dOIl-nwflnl with fl vdocit.,- eqll al to 
71" (AspecL ratio) 
loe it.'· for tlli t \\'o-clim (' nsional fl ow !t rOUIH] t il<' far wa k(' is 
O"iY('n h.\-
I ( 1 T7 ., (W , ., L -1Z +. 
-=ll -II' = - 1 dz' 2 ., ~ '2_ 1'2 
",h('r(' 
w complex fl ow fun etion 
l ' emispan of wing (or radiu of th e roto r) 
z'=l"+iy' wh ere, in thc present casc (x= 900), .r' is th (' 
sam(' as If. te rILI dimcnsioll y and y' is th(' E:ame' 
a ycrt ical dimen ion z 
Tf titc raclill of th c ul1iformly loaclcd ci rcul flr \\'in r?; is 
increascd by dr , the complex ,-eoc ity in th e fl ow fie ld changes 
lw 
This CXP1"C sion thu s gives th c complex vd ocit.,- in th e fa r 
wak c eontribuLed b)- a \ving ill th e form of a circula r annu lus 
of rad ius I' and widt h dr , anci having a lift coe(ftcicnl ( IL . 
Now consider" a circular \\-ing on which th e loading i8 
proportional to tile nth pOII'e r of the radius. It is mnclc up 
of an n uli of variable rad i us r a net 1 i ft eoeffi{' iell t giwn b.,-, 
ay, ill''', \\-he1'e ./1 ii:' a co n ta nt. The total complex wloeit.,-
in th e far wakc i found by suhstituting 11"" for ('L ill tl1 c 
preceding expression and int graLing with ]"espe("( to r 
he tween 0 and tb e outermost annulus, r= R. The' complex 
\' (' \ocit .\- is thu 
f R AI" II V[ -il" z' ] -')- (_'2_ ,2)3/2 !II' r=O ~ '" I 
\\-it('r(' the upper Jimi t R i g l"('iltc r thall Iz' l. 
Figmc 17.- T\\·o-clillH'llsioll:tJ ('ro~sno\\" a rounci a slra ip;h l Ji lll'. 
In ord er to avoid a singular poillt III LIl in tegration, Lile 
point z' will be a lIm ('et to li e slighl1y above thc rcal axi 
and 'will be allow cl to approach t he real axi after the 
integra tion is performed . Substil uting r=z' in 8 (where 8, 
in gc n(' ral , is complex) transforms th (' in tegral to 
_ I R 
-iA z'"V J'Sin z' sin "+IO d8 
2 8=0 CO 28 
whi ch can b evaluated by fir t applyin O" the econd form 
of item 274 of reference 10 and th en redu (' ing f sill "+18 d8 b~­
successive applications of item 263. Except for the last 
t(']"m, the integral i 
-iA z'''V [ sind l 8 tan 8+sin " 0 cos 8+ n_ sinn - 2 0 cos 0+ 
n - l 
n(n-2) . ,,- ·1 8+ ] (n- l )(n-3) sm 8 co ... 
Subst itu tillg th e limi Ls and lettering z' bccome a pure real, 
les than H, 1' (' ult in a p lll"e real ; that is, an of the e terms 
(,on tributc not hi ng to the vert ical-v('loc i t~- componen t. The-
finallerm of the illt egral involvc 
depending on whethel" n IS eyen or odd , respecLivel~- . For 
n even , 
_ I~ _ IE 
r ~i ll z' ISill z' 
R. P. Jo in 8 d8= R. P. (- co 8) 0 
which app roaches 1 as z' approaches a pure real , .£' < H, 
ince tbe fir t term in the bracket a pproache a purc imagi-
nar~- . For n odd, 
_ I ~ _ I R 
R. P. rSill z' d8= R. P. (O) I<ill z· Jo 0 
whi ch ma ~- he ('valu aled a follow: 
L et 
then 
incc 
8=p+iq 
.. ( . ) . 1 + . ' 1 R m O=SIl1 2)+"!.Q =Sll1 p cos 1 g 1 eos p S ill 1 q=, z 
R 
,approuche a p me rcal as Z' -7J:', th e imaginary 
z 
term mu t he 7,ero ; thal. i., cos p=O, 0]" ]> = 71"/2. Ac("ordingl~-, 
_IE 
R. P. (8) I:in z' -7 71"/2 
as z' approa.ches a pme real, x' <E. Th e final rcsul t for 
the clownwash veloc it y at the real po int z' = x' i , for n odel , 
/h'" V [ n(n- 2)(n-L . (l)J ?:: 
2 (11- J)(n-3) ... (2) 2 
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and, for n even, 
A .t' nT! [ n(n-2)(n- 4) ... (2)J 
~ -(n- 1)(n-~ (1) 
F I . A V. f . . lx' 7T' 11. f 101' n= O, Lhe re. lI t IS 2 , 0(' n= l, Il 1 --4- , 01' n= 2, 
it is T-A x'2; [oi· n == 3, iL i S ~ 7T'VAx' 3 . 
CONCLUSIO NS FOR PART II 
A Lucl y of the ~'mmetl'y relations con'l'rning lhe incl uced 
velocities in the plane of a uniformly loaded rotor indicale 
tbaL: I 
1. The sum of t he induced vclocities aL points (.r,V) a nd 
(-x,V) ill the rotor disk 'is constanL and equal to twice the 
induced veloci ty at Lh e cen Ler. 
2. The induced velociL}' is con tan L all along t he lateral 
diame Lel' Qf 1,11 e cl i k. 
3. The sum of the induced velocilies at poinLs (x,y ) and 
(-x,V) in the plane of, buL out ide, lite roLoI' eli k equal Lhe 
induced volociL}' at lhe corr esponding po inL neal' lhe far 
wa ke. Thi lim can be de~ermin ecl from Lhe two-cErn llsional 
[Jow abo ll I, th e ellip 0 t ltat r epresen L t he wake cross sec Lion. 
A sLucl y of the l'clabon betw een the radial load clisLribution 
and the r adial clown wash distribuLion in Lhe wake of a nOIl-
uniformly loaded )'oLo1' s how Utat, if ! he eli k. load ing varies 
as t he nLb power of the rad ius, tlto ind uced vclociLy in the 
far wake also varies as lite nlh pOWCl' of Lhe l'ad il! . 
III: ANALYSIS AND COM PARISON WITH THEORY OF FLOW-FIELD MEASUREMENTS NEAR A 
LIFTING ROTOR IN THE LANGLEY FULL-SCALE TUNNEL 
By IIaI,],)' H . Hcysoll 
APP ARATUS AND TESTS 
Tlte survey \V("'t.-CcOilC1 tteLcd ill Lite L augle.,' full-scale 
Lunnel , which i de cribed in r efe rcn cc 11. Tho cxpcrimenlal 
appar alus u cd in lhese les Ls is hown in fi gure ]8 (a) . 
The roLo1' was o( t lte teeter ing 01' seesaw l.,' pe and hac! 
untape]'ecl , unLlVisLed blades (fig. 18 (b)) with 1'\ACA 0012 
airfoil ecGo ll. The 1'0Lor rad iu was 7.5 feet and jLs solid ity 
was 0.0543. The rolol' t ip pecci was 500 feel pCI' second (01' 
all lesls except that at f£ = 0.232. For lhi tes t, tile roto!' 
wa opCl'ated aL 450 feeL per secolld. 
Two c1 ifl'erent urv y rakes were llsed ill 1Ill' les ts (fIg. 
1 Cc)) . A cali bralecifiVl'-tllbe s urve.\' rake (fig. 1 (d)) was 
II ed lo measure the Lream p itch and yalV angles and 
cl~'namic pressures fo r mos l of the lest. This rake is full." 
"__ ___ _ ... L-83264.1 
(,, ) T ('s l .~('lu p looking ill tO (' 1I1n\JI ('(' CO ll (' of 1u II II (' 1. 
FI GL; R I'; t S. - E q uipl1l ' Il l us('d ill ~1I1'\'t'.\'~. 
described ill rden'llce 12. In order lo obtain daLa closer lo 
LilL' plall of the 1'0 to]', a calibraLed piLcil h ead (fig. 18 (0)) 
\Va li , l.'d . lo lU'Vl')' po inL in lhe 10llgiludinal plane o f sym-
m et rl":"for one nig ltL ('o nd ilion . <;. . 
Thc,jl.J;oceclure u cd ill lb e lcs ls was a follows : The rolor 
was fir.si:[2 eL app l'oximQ,Lel)' at a predetcl'mineci flight c011di-
tion. Thcn, lhe a.l' ea above , below, a11d behind lhe rolor 
wa s UJ'vc.\' ecl with the rake Al inl crvals during th e 
s urvcying, r eading werc takcn of rolol' LhrusL and drag, 
blacleflapping and feaLh ering moli ::> ll s, and tunnel d .\'llamie 
press lll'.('. 
r • 
CORRECTIONS 
A' f1 Qo l' \\'a in l.alled in lhc lu nn el U'sL secLion for ,111 Lh e 
Le ' l ,'and for tili cqnfig ll1'a tion. lite Langley full-scale lunnel 
Ita no appreciablc jct-bouud itl:." COl'l'cc tio n (ref. 13) . ",.. 
In ord er to co rrect t he m ea ' lII'eci cI.vrlamic pl'C 1I1'l' ancl 
s trea m angle . Cor th e fl ow a bo ut the suppo rtino' mechanism 
and for t unn el stream an o·le. data were taken twice a t ('ach 
po iu t in pace on ce with and onCl' without t he ]'otOI' blade 
instalkd. The ciiffcl'ence i cons ici l' I'l'l1 to be cltal'flc tcl'i s tic 
(b) Jlolo!' blade. 
FI<~l' R E LS.-Continued. 
--- .---------
26 REPORT 13 19- ATIONAL ADVISORY COMMl 'I"I'EE FOR AERONAUTICS 
(c) R akes as mounted 0 11 uJ"\'ey-carri age ram . 
FI(l URE ] .- Continued. 
(d) E nd of one t ube of fi ve-tube rake. 
FIG RE I8.- Continued. 
of tlw i olated rotor. It hould be noted, however, that this 
procedure j not adequate in region immed iately behind 
the rotor . l ea urements made in the e reo-ion have little 
accuracy be ause of the eA'e ,t of the rotor on the flow about 
the tower . The angle of attack of the rotol' \Va correc ted 
for tunnel t ream angle. 
PRECI ION 
The accuracy of the two rake i essentially the same. 
Bo th mea ure dynamic pr ure within 2 percent and stream 
angle within }~ o. The e figures take in to account the Ull-
tead ine s of the flow and the high vi bration level of the 
rake mount. At the lowest tip- peed ratio, additional in-
accuracy is caused by the lifficulty in reading the small 
changes of liquid height in the manometel' tubes. Ove rall 
(c) mall pitch head . 
FIG U RE 1 .·-Concluded. 
accurac,\' in te rm ' of the average value of th e normal com-
ponent of induced velocity will be a function of the rotor lift 
coefficien t. For ease of reference, th e following table give 
the estimated overall accuracy for each of the flight condi-
tion covered in thi investigation : 
Tip-speed ratio, Jl 
O. 095 
· J39 
· ] -10 
· 2:32 
Accuracy, perce nt Vo 
± 15 
± 10 
± 10 
± 25 
The rakes used were in capable of mea uring in tantaneou 
variation of induced velocity uch a might be desired for a 
l'efined blade-vibration analy i . Therefore, all data are 
t ime-averaged value. The experimental re ults of refer-
ence 2 indicate that in tantaneou value may differ greatly 
from the mean values mea ured in these tests. 
During \'he te l , \'he rotor tip peed \Va held constant to 
within 1 percent. Th e thru t coefficient was measured within 
1 percent,. The leew angle, which wa computed by using 
the mea ured value of CT and t he mea ured blade mo tion 
in equation (29) of reference 6, bould be accurate to within 10. 
The po ition of the rake with re pect to the hub wa known 
within 0.3 percent R. Becau e the roLor wa of the teetering 
type, Lhe only co ning wa due to the deflection of the blades. 
The tip d fi ct ion \Va e Limated v i. ually to be between 2 
and 3 percent of the rad iu . The data are presented with 
reference to a plane parallel to lhe tip-path plane and pa sing 
through the teet ering pin . 
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RESULTS AND DISCUSSION 
BASI C DATA 
Bccause of the presen t lack of information, both theoret ical 
and experimental, on the induced velocities in many areas 
near the rotor, sub tantially all t he ba ic data obtain ed in 
the investigation are presented in the appendix. In each case 
the rotor flight con lition i identified on the figure by the 
kew angle x and the tip-speed ratio J-L. Table I identifies the 
various fligh t ondi tions more completely. 
The basic-data curves are not di cussed as uch in th is 
report since the more significant phenomena have already 
been pointed out in reference 1. 
DISCUSSIO OF APPLI CABLE THEORY 
In reference 6, Castle and D e Leeuw pres en t calculated 
value of the normal component of induced velocity in the 
longi tudin al plane of symmetry and along the pri ncipal 
(X,Y,Z ) axe of a rotor with a uniform disk loading. Part I 
u es the flow field of reference 6 to calculate the flow field 
for rotors having nonuniform bu t circularly ymmetl'ical disk 
loadings (the specific ca es calcul ated being rotors with a 
tri ano-ular disk loading and with a typical measured mean 
disk loading). 
Additional theoretical calculations by Mangler and Squire 
(ref. 5) give induced-velocity information in the ent ire ro tor 
di k and al 0 for a tran ver e plane in the far wake. A later 
section discusses a method of transforming these result to 
cone pond with the resul ts of reference 6 and part I except 
for the specific di k loading con idered. 
Dree (ref. 4) eli cusses orne of the effects of a finite tip-
peed ratio and presents calculation of orne of these effects 
at selected points on the rotor disk. I t should be no ted that 
the calculated curves presen~ed with the data are no t modi-
fied for the a ymmetries discussed in this reference. 
COMPARISO OF MEASURED DATA WITH CA LCULATED 
VA LUES OF R EFERENCE 6 AND PART I 
Longitudinal plane of symmetry .- Figure 19 to 22 present 
the measured values of induced velocity in the longitudinal 
plane of symmetry as compared with the calculated values 
from reference 6 and part 1. 
For the four fligh t conditions, the measured data near the 
forward portions of the rotor fall close to the flow calculated 
for the ro tors with zero load in the cen ter. T he existence of 
essentially zero induced velocity at the center of the rotor 
and of regions of upwa b behind the center a re clearly shown. 
Further rearward in t he flow, ju t behind the trailing edge of 
the rotor (Xj R = 1.07) , there is no longer any pronounced 
correlation between t he measured and the calculated flo\v, 
r egardless of the lift distribution assumed to exisL on 
the rotor di k. At greater distances behind the rotor 
(X jR = 2.07 and 3.14), there seems to be no correlation . 
The phy ical rea ons for th is lack of con-elation are diRCtl ed 
ubsequently. 
Longitudinal axis .- If curves are faired through the data 
in figures 19 to 22 and the values at Zj R = 0 are Laken from 
these curvcs, it is possible to obtain an idea of the vari at ion 
of induced velocity along the longitudinal axis of the rotor. 
The results, plotted in figw·e 23, show clearly th e good co rre-
lation of the non uniformly loaded rotor calculations for the 
flow over the forward three-quarter of the rotor and the 
deviation beh ind t hat point. 
F igure 24 compares the mea ured points of figures 23 (c) 
and 23 (d) . These two flight condit ions have very small 
difference in leewangles. Tbere is, however , an apprec iable 
difference in tip-speed ratio and lift coefficien t. Actually , 
the calculated induced-velocity ratios for the e two skew 
angles are virtually iden t icaL J t may be seen t hat, e>..'"})e ri -
mentally , there i very little difference between the j nd ucecl 
velocities along the longitudinal axis for the two tip-speed 
ratios. Thi fact is as assumed in references 3 and 6. 
Lateral axis .- The basic data may be cross-plotted in th e 
same mann er to obtain the induced-velocity distribution 
along the lateral (Y) axis. The results of these cro s plot 
are shown in figure 25 and are compared with the calculated 
distributions of reference 6 and part 1. The calculated Aow 
is symmetrical since no account is taken of di ymmetr ie 
due to the fini te tip- peed ratio. 
A word of caution is necessary at thi point. Because of 
the necessity of maintaining a clearance between th e surv ey 
rake and the ro to r, i t was not possible to obtain data mu ch 
closer t han 20 percent R above the rotor. (See figs. 19 , 21 
and 22.) The theory predicts rath er la rge gradient of 
induced velocity at locations closer to the rotor than thi 
poin t. r n the longitudinal plane of symmetry it i po ible 
to cross-plot the data with some confidence by comparing 
the trends shown well above the rotor by the theory and by 
the measw-ed points. At other locations, without t he theory 
a a guide, t he accuracy of cro s plots is problematicaL 
Therefore, t he following di cu sion of the induced-velocity 
distribution on tbe Y-axis should be regard ed as being on a 
less firm basi than the di cussion in the preceding section . 
Figw-e 25 indicate tha t the rotor does have zero induced 
velocity at its center. This is in agreement with the a ump-
tion that the rotor carries zero load at its center and further 
indicates that this fact must be used if the flow is to be 
calculated wit h any degree of accw·acy. 
TABLE I.- FLIGHT ONDITIOX 
Tip- peed Rotor wake !lR, Di k load ing, Equivalent fla t- Angle of 
rati , I-' ke\\· a ngl e, CL CT ft/sec Ib/sq ft pla te area, j, a ttack, 
x, deg q ft cr, deg 
0. 095 75. 0 O. 720 O. 00320 500 L 91 2.77 - 9. 2 
. 139 5. ".386 0.00373 500 0 2. 18 2. 34 - 1.1 
. l-!O 82.3 D.373 o. 00371 500 ° 2. 21 2. 79 - 5. 3 
.232 3.9 . 122 . 00:321 450 1. 55 1. 35 - 9.5 
a rrh e seem ing inconsisi ncy between th e values or rotor lift coeffi cient and thrust cos ffi cicm t on one hand and the values of average d isk load on t.he other wa 
causen by a slight di fference in the density of a ir aL the different Limes during which the tests were run . 
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FI r-l' RI, 25.- Co mpariRo n of meaRllJ"rd and t heoretical values of indu ced-
q']oc ity rat.io 'vlvo along late ral cen ter lin e. 
Figure 25 also how thitt the induced-velocity peak on 
the retreating ide is higher and further outboard than th 
peak on the adyancing side. Thi 1'e ult i logical when the 
difference in loa,ding on the two sides of the rotor a r com-
pared. The r e, ultan t yelocitie at the inner portion of the 
blade on the r etreating side are yery low or eyen negatiye, 
wherea the corre ponding velocities on the advancing ide 
arc much higher. Therefore, the loading on the inner por-
tion of the retreating side of the di k must be Ie. than that 
on the advancing side. The outer podion of the retreating 
id e mu t Lhen carry a greater loading in ol'der that the bla<le 
thru t moment remain e sentiaUy constant around t he di k . 
Thu , the loading on the retreating ide will peale farther out-
board and at a high er yalue than the loading on the ad anc-
ing side of the disk. This is the ame trend shown by the 
m ea m ed induced Yelocities and is indicative of the yery 
close relation between the induced yelocitie and the loading 
along this axis_ 
COMPARISO OF MEASURED DATA WITH CALCULATED VALUES 
OF REFERE CE 5 
Modification of calculations for finite lift coefficient.-
Mangler and Squire, in reference 5, compute the induced 
velocities in the rotor disk and in a transyerse plane in the 
far wake. Their calculated re ults are limited to vanishingly 
mall lift coefficients in that the trailing-vortex sy tem leaves 
the rotor in the same direction itnd with th e same velocity 
a the free stream. 
The as umption of a finite lift coefficient alter this pictme 
ill two ways : Firs t , the trailing-vortex sy tem must now 
Cl'08 the free-stream flow and , secon 1, there will be a change 
in the vortex density, 
The results of reference 5 are easily modified to account 
for the e change and, when so modified, will correspond 
with the resul ts of reference 6 and part I except for the 
specific eli k loading considered . The first modification is 
merely a rotation of the fi eld to account for thc inclination 
of the wake. The incidenc i is then the compl ement of 
the kew angle x. The change in vort x density, although 
afJ'ecting the absolute induced velocity v, will haye no effect 
upon t he induced-velocity ratio ~=4 ( ';OL} Therefore, 
the ncw value of v may be found by using the yalue of vIvo 
from r eference 5 and by calculating Vo from an equation 
which consider the fini te lift coefficient ( uch as eq. (3 2) 
of ref. 6). 
For the purpose. of compari on with the m easured data 
of thi report, all the induced velocities of r eference 5 have 
been modified to correspond with reference 6 In r egard to 
both skew angle and Yortex density. 
Plane of the rotor.- Values of induced-velocity raLi in th 
plane of the rotor obtained by cross-plotting the measured 
data are compared with the conected calculated yalues from 
reference 5 in figur es 26 to 32_ These figme are di cu sed 
only in general, sinc they indicate the same re ult as the 
previous compari on ,vith reference 6 and part 1. This re-
sult might be expe ted since the calculated results should 
be comparable if the same load distribution are assumed, 
The 1'e emblance between the typical loading of part I and 
pre sure di tribution III of reference 5 is evident. 
Tn gen ral , the itme extent of agreemen t i noticeitble 
(see e pecially fLg. 26 (b )); that is, the calculated flow field 
i clo e to the mea m ed field only OYer the Iorwa.rd three-
quarter of the di. k . 
Eaeh figur (fig _ 26 to 32) show that the induced-
velocity field for pre ure distribution III is closer to the 
mea ured field on both sides of the disk than that for pre -
nre distribution 1. ince pre sure di tribution III repre-
sent a disk loading with zero load in the center and the 
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FIG U UE 26.- Compariso ll of meas Lired values of induced-velocity rat.io vivo on longitud in al center line wi t h theory of reference 5 modified . 
other di tribution doe not, thi 1'e ult is as expected. 
This result does not agrec with that of reference 14, wh ich 
indica tc t llat pressure di tribu tion I should bc used for 
calculating the induced velocities 0 er the advancing side 
and pres urc di tribution III, over the retreating side of 
thc ro tor. This resul t (1' f . 14) arose from measurement 
made at X jR = 1.5 and, a uch , i ubject to error because 
of t he discrepancy between theory and the measured data 
in this region. The present rcsult is co nsidered to be more 
accurate. 
The value at X /R = O.5 (fig. 32) seem to indicate that, 
at t h.is location, t h.e error i generally somewhat larger Dear 
the outer edge of the di k. This re ult might be eA1>ected 
si ncc the roll-up of th trailing-vort x sy tem would be 
cxpected to affect the outer edges of the disk soo ner than the 
center. 
Far wake .- RefercllCc 5 al 0 compuLe the induced-velocity 
distribution in the far wake. Th ' 'computed co ntour of 
induced-velocity ratio for both pre ure distribution in the 
far wake are compared in figures 33 to 3 with measured 
co ntours of induced velocity at X /R = 2.07 and X jR =3. 14 
for three different flight conditio ns. (N otice that the rota-
tion of the calculated flow field required to obtain corre pond-
ence with reference 6 result in a vertical di placement of 
the computed induced velocities.) 
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Figure 33.- Comparison of measured values of induced-velocity rat io vIvo at X / R= 2.07 wi t h t heory of reference 5 modified. x=75.0o ; I' = O.095. 
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Figuf(' 35.- Comparison of mcasurcd value of indueed-\, ('locity ratio vivo aL X /R = 2.07 wi th theory of r ef renee 5 modified. x = 2. ,,°; ~= O. I.jO. 
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FlGUR E 37.- Comparison of measured value of induced-velocity ratio vivo at X/R = 2.07 wi t h t heory of r eference 5 modified . x = 3.9° ; f.L = O. 232 
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In general, Lbe measmed induced velocities are of the 
same order of magnitude as the calculated value. This 
re ult would be expected, r egardle s of the flow pattern 
as umed for the calculation J since a, given amount of 
downward momentum must be imparted to the air to 
obtain a given lift. The di tribution of induced velocity 
is, however , rather different from the calculated values, 
particularly in the central portion of the wake. In some 
cases, the calculated induced-velocity field in the usual 
location of short-span tail mfaces could be incolT ct by 
as much as 1.5vo. 
ATURE OF THE ~'LOW 
At this point the reason for the rather severe discrepancies 
between the calculated and the mea ured induced velocities 
in the rearward portion of the flow is considered. R efer-
ence 1 ha already noted the rolling up of the vortex sheet 
behind the rotor. Figures 39 to 41 examine this phenome-
non more thoroughly for three differen t flight condition . 
These figmes are contoUl' maps of the measm ed local mean 
vorticity behind the rotor. The intersection of the outer-
most edge of the assumed wake (refs. 3, 4, and 6) with the 
urvey plan e i shown in each case by thc dashed-line 
cllipse. If the a umed wake vortex. pattern is correct, 
the contours of vorticity hould be along thi wake edge 
(or within it, depending upon the di k-load di tribution) . 
In general, this i not true since the dominant feature in 
each ca e is the vorticity associated with the well-dcveloped, 
rolled-up vortices behind th e rotor tips. It should be noted 
that these vortices have only been dispJaccd vertically 
about half a far as the center of the wake. The lowcr 
half of the elJiptical sheet is es entially completely rolled 
up at the trailing edge (fig. 39, 40 (a), and 41 ). The upper 
half of the elliptical sheet (originating from the rear of thc 
disk ) is till visible at X /R= 1.07 , but it also i completely 
rolled up hortly after that point (fig. 40 (b) ancl40 (c)). 
The similarity between the flow behind the rotor and 
that behind a low-a pcct-ratio wing i very close and it is 
possible to draw a omewhat more quantitative analogy. 
Reference 15 examines the rolling up of the trailing-vortex 
system behind a low-aspect-ratio wing. For lift coefficients 
of the order of several tenths, thc roll-up is essentially com-
plete in a very short distance. Figmc 9 of reference 15 
show that, for an untwisted, rectangulilr wing of aspect 
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ratio 4/7r (the ame aspect ratio as a rotor), and for the lift 
coefficients u ed herein (0.720, 0.373 , and 0.122 ), the roll-up 
distances should be 0.33, 0.64, and 1.97 times the chord 
length, respectively. It is more difficul t to determine the 
rate of roll-up for something as complex as a rotor, but 
figuTe 39 to 41 indicate qualitatively that it is al 0 extremely 
rapid. 
These observations are further substan tiated by the 
induced-velocity measmements previously examined in 
figures 19 and 2l. The measured data in these figures show 
a marked discontinuity (which would be expected at the 
edge of an elliptical wake) only in the vicinity of the upper 
wake edge at X jR= 1.07. Farther behind the rotor 
U(/R= 2.07 and 3.14), there is no pronounced discontinuity; 
this condition indicates the absence of a trong vortex heet 
in this region. 
Figures 22 (f) and 22 (g) seem to how a discont inuity 
omewhat above the upper edge of the assumed wake . 
The previou analogy with low-aspect-ratio wings indicates 
the po sibility that the roll-up would not be as rapid in 
this case becau e of the low rotor lift coefficient (GL= 0.122 ). 
The difference between the calculu ted and the mea ured 
flow fields may be eA-plained on this basis. In the forward 
portion of the flow, the elliptical wake has not rolled up , 
and it therefore re embles the wake-vortex model used in 
the calculations. The wake here, has, of co urse, the greatest 
effect on the induced velocities in the forwa.rd portion of 
the flow and essentially determine their magnitude. Con-
sequently, in tbis part of the flow, calculation give a rea on-
able picture of the actual induced velocity. 
Farther rearward, however, the distor ted portion of the 
wake has a greater effect in determining the actual induced 
velocity. The calculated flow field, therefore, is increasingly 
more inaccurate as its distance down tream increases. 
A short distance behind the rotor, it should be pos ible 
to assume that the flow ,viti be the ' arne as that for an 
eq uivalent wing. The minimum distance behind the rotor 
at which this procedure will be valid is a function of the 
lift coefficient. 
From reference 16 the induced velocity in the plane of 
symmetry of a uniformly loaded rectangular wing i 
(3) 
If it is assumed that the quar ter chord of the equi valent 
wing and the lateral center line of the rotor coincide and 
also that s= 0.85R (the approximate center of gl'avity of 
the vortex system), 
0.85Rr { X [ 1 1 ] 
V 27r , /(0.85R)2+ X2+ Z 2 X2 + Z 2+ (0.85R)2+Z 2 + 
(0. 5~)2+Z~ } (4) 
If nondimensionalized, equation (4) becomes 
27rRv = 0 5 r (X jR)2 [ 1 + 
r . ~ / (X)2 (Z)2 (X)2 (Z)2 L ,,0.723+ R + R R + R 
1 ]+ 1 } 0.723+(~y 0.723+(~y (5) 
L 
r=--2pVR (6) 
and, for skew angles neal' 90 0 , 
L (7) 
Su bstituting equation (6) into e.quation (5) and dividing 
both ides of the res ulting equation by equation (7) give 
~=0.425 { vo 
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FICURE 42.-Comparison in the plane of symmetry of measured 
values of induced-velocity ratio vivo with those calculated for an 
equivalent wing. x = 82.3°; ~= O.140 . 
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The flow calculated by this equation i symmetrical abou t 
Z/R = O; that i ,it does not allow for the vertical di placement 
of the wake. As poin ted Oll t previollsly, the cen tel'S of tJ1e 
vortice are displaced down ward an amount 
Z IX /::;. -=-- cot x R 2R (9) 
The induced velocity for this assumed wrna- has been 
calculated from equation (8) and (9) and is compared with 
the flow mea ured at X /R = 2.07 and 3.14 (for ,u= O.140 and 
X= 2.3°) in figLU'e 42 . A expected in the e rearward 
plane , it is a clo er appro)..'imation to the actual flow than 
arc the flows calculated on the ba i of a skewed cylindrical 
wake (fig. 21, for example). 
CONCLUSIONS FO R PART III 
The results of this wind-t.unnel investigation of the in-
duced flow near a single rotor in simulated cruising and high-
speed flight are as follow : 
l. A far rearward a three-quarters of a diameter behind 
the leading edge of the rotor di k , the normal component 
of induced velocity of a lifting rotor may be calculated 
with good accuracy by available theory provided that a 
realistic nonuniform disk loading i a mned. 
2. Rearward of thi three-CJ uarter diameter point, cal-
culation of the induced veloci ty becomes increasingly inaccl.l-
rate because the trailing-vortex system roll up very rapidly, 
and the wake vortex pattern behind the rotor is altered 
from that assumed a a ba i for the calculations. 
3. At location well behind the rotor, the induced flow 
may be calcul ated more accurately by a uming the rotor 
to be a uniformly loaded rectangular wing, provided that 
the rotor lift coefficient is sufficiently biah. 
4. There is li ttle efl'ect of the assymmetries a sociated 
,,,ith tip-speed ratio on the induced flow along the longi-
tudinal axis of the rotor. 
5. The induced-velocity calculations of Mangler and 
quire can be modified to account £01' the wake crossmg 
the flow becau e of the finite lift coefficient. 
L ANGLEY AERONA TICAL LABORATORY, 
- ATIO AL ADVISORY OlI'IMI'l"l'EE FOR AERONAU'l'ICS, 
LA TGLEY FIELD, V A., D ecember 7, 1956. 
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APPENDIX 
BASIC DATA 
At present the knowledge of the flow field neal' a lifting 
rotor is vcry limited. Becau e of thi lack of information 
ub tantially all of the basic data obtained in the experi-
mental inve tigaLion are pre ented in this appendL\:. In each 
ca e, the rotor flight condi tion is identified by the skew angle 
X and the tip-speed ratio,u. Table I (p . 27) identifies the 
flight conditions more completely. 
Figmes 43 to 45 how the measmed stream angles in the 
How; figures 46 to 4 show contoms of dynamic-pressure 
ratio; and figures 49 to 69 give the mea ured value of the 
induced velocity ratio. The fairings of the mea Ul'ed elata, 
shown in figures 49 to 69, are those used in the analysis of 
part III. 
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